In this note, we investigate the performance of optimal double circulant even codes which are not self-dual, as measured by the decoding error probability in bounded distance decoding. To do this, we classify the optimal double circulant even codes that are not self-dual which have the smallest weight distribution for lengths up to 72. We also give some restrictions on the weight enumerators of (extremal) selfdual [54, 27, 10] codes with shadows of minimum weight 3. Finally, we consider the performance of extremal self-dual codes of lengths 88 and 112.
Introduction
A (binary) [n, k] code C is a k-dimensional vector subspace of F n 2 , where F 2 denotes the finite field of order 2. All codes in this note are binary. The parameter n is called the length of C. The weight wt(x) of a vector x ∈ F n 2 is the number of non-zero components of x. A vector of C is called a codeword. The minimum non-zero weight of all codewords in C is called the minimum weight of C and an [n, k] code with minimum weight d is called an [n, k, d] code. A code with only even weights is called even. Two codes are equivalent if one can be obtained from the other by a permutation of coordinates.
Let C be an [n, k, d] code. Throughout this note, let A i denote the number of codewords of weight i in C. The sequence (A 0 , A 1 , . . . , A n ) is called the weight distribution of C. A code C of length n is said to be formally self-dual if C and C ⊥ have identical weight enumerators, where C ⊥ is the dual code of C. A code C is isodual if C and C ⊥ are equivalent, and C is self-dual if C = C ⊥ . A self-dual code is an even isodual code, and an isodual code is a formally self-dual code. There are formally self-dual even codes which are not self-dual. One reason for our interest in formally self-dual even codes is that for some lengths there are formally self-dual even codes with larger minimum weights than any self-dual code of that length. Double circulant codes are a remarkable class of isodual codes.
The question of decoding error probabilities was studied by Faldum, Lafuente, Ochoa and Willems [9] for bounded distance decoding. Let C and C ′ be [n, k, d] codes with weight distributions (A 0 , A 1 , . . . , A n ) and (A ′ 0 , A ′ 1 , . . . , A ′ n ), respectively. Suppose that symbol errors are independent and the symbol error probability is small. Then C has a smaller decoding error probability than C ′ if and only if
where ≺ means the lexicographic order, that is, there is an integer s ∈ {0, 1, . . . , n} such that A i = A ′ i for all i < s but A s < A ′ s [9, Theorem 3.4]. We say that C performs better than C ′ if (1) holds. By making use of [9, Theorem 3.4], Bouyuklieva, Malevich and Willems [2] investigated and compared the performance of extremal doubly even and singly even self-dual codes.
In this note, we consider the performance of optimal double circulant even codes which are not self-dual using [9, Theorem 3.4] . To do this, we classify the optimal double circulant even codes that are not self-dual which have the smallest weight distribution for lengths up to 72. For (2n, d) = (32, 8), (36, 8), (38, 8) , (40, 8) , (46, 10), (52, 10), (56, 12), (60, 12), (62, 12), (64, 12), (66, 12) and (68, 12), we demonstrate that there is an optimal double circulant even [2n, n, d] code C which is not self-dual such that C performs better than any self-dual [2n, n, d] code. We also give some restrictions on weight enumerators of (extremal) self-dual [54, 27, 10] codes having shadows of minimum weight 3. Finally, we consider the performance of extremal self-dual codes of lengths 88 and 112.
Double circulant codes
An n × n circulant matrix has the form:
so that each successive row is a cyclic shift of the previous one. A pure double circulant code and a bordered double circulant code have generator matrices of the form:
respectively, where I n is the identity matrix of order n, R (resp. R ′ ) is an n × n (resp. n − 1 × n − 1) circulant matrix, and α ∈ F 2 . These two families are called double circulant codes. Since we consider only even codes in this note, α = 0 if n is even and α = 1 if n is odd.
It is a fundamental problem to classify double circulant codes over binary and nonbinary fields as well as finite rings, for modest lengths, up to equivalence. There has been significant research on finding double circulant self-dual codes with the large minimum weights (see e.g., [12] , [13] , [14] , [16] ). Beyond self-dual codes, few results on the classification of double circulant codes are known (see e.g., [10] ). One reason for this is that the classification of double circulant codes which are not self-dual is much more difficult than double circulant self-dual codes.
In this note, we consider codes C satisfying the following conditions:
(C1) C is a pure (resp. bordered) double circulant even code of length 2n which is not self-dual.
(C2) C has the largest minimum weight d P (resp. d B ) among pure (resp. bordered) double circulant codes of length 2n which are not self-dual.
(C3) C has the smallest weight distribution (A 0 , A 1 , . . . , A n ) under the lexicographic order ≺ among pure (resp. bordered) double circulant even codes of length 2n and minimum weight d P (resp. d B ) which are not self-dual.
We say that a double circulant even code which is not self-dual is optimal if it has the largest minimum weight among all double circulant even codes of that length which are not self-dual.
The following lemma is trivial.
If C is a pure double circulant even code of length 2n with generator matrix (2), then every row of R has odd weight. If C is a bordered double circulant even code of length 2n with generator matrix (3), then every row of R ′ has even weight.
Weight enumerators
The weight enumerator W of a formally self-dual even code of length 2n can be represented as an integral combination of Gleason polynomials (see [21] ), so that
for some integers a j with a 0 = 1. Note that the weight enumerators of formally self-dual even codes of length 2n as well as self-dual codes of length 2n can be expressed using (4) . This is one of the reasons why we compare the performance of optimal double circulant even codes which are not self-dual with self-dual codes having the largest minimum weight. For the following parameters , 12) and (62, 12), the weight enumerator W 2n,d is completely determined by A d and A d+2 . For the remaining values of (2n, d), the weight enumerator W 2n,d is completely determined by A d , A d+2 and A d+4 . 
Performance of double circulant even codes
A classification of optimal double circulant even codes was given in [10] for lengths up to 30. For lengths 2n with 32 ≤ 2n ≤ 72, by determining the largest minimum weights d P (resp. d B ), our exhaustive search found all distinct pure (resp. bordered) double circulant even codes satisfying the conditions (C1)-(C3). This was done by considering all n × n circulant matrices (3)) satisfying the condition given in Lemma 1. Since a cyclic shift of the first row for a code defines an equivalent code, the elimination of cyclic shifts substantially reduced the number of codes which had to be checked further for equivalence to complete the classification. Then Magma [1] was employed to determine code equivalence which completed the classification.
In Table 2 , we list the numbers N P and N B of inequivalent pure and bordered double circulant even codes satisfying the conditions (C1)-(C3), respectively. In Table 2 , we also list d P , A d P , d B and A d B . For the pure and bordered double circulant even codes satisfying the conditions (C1)-(C3), the first rows of R in (2) To compare the performance of the optimal double circulant even codes which are not self-dual as measured by the decoding error probability with bounded distance decoding, we list the largest minimum weight d SD among self-dual codes of length 2n. We also list the smallest number A SD of codewords of minimum weight d SD among self-dual codes of length 2n and minimum weight d SD , when d P = d SD or d B = d SD , along with the references. From Table 2 , we have the following results concerning the performance of optimal double circulant even codes which are not self-dual. Then there is an optimal double circulant even [2n, n, d] code C which is not self-dual such that C performs better than any self-dual [2n, n, d] code.
Remark 3.
(1) For 2n = 34, 42, 44, 58, there is a double circulant even code C of length 2n which is not self-dual such that C has a larger minimum weight than any self-dual code of length 2n.
(2) Up to equivalence, there is a unique extremal doubly even self-dual [48, 24, 12] code [18] . There is no double circulant even [48, 24, d] code with d ≥ 12.
(3) There is a self-dual [50, 25, 10] [24] (see also [22, Section 12] ).
At the end of this section, we examine the equivalence of some codes in Tables 3 and 4 . We verified by Magma [1] that there is no pair of equivalent codes among P 34,i (i = 1, 2, . . . , 15) and B 34,i (i = 1, 2, . . . , 10) , and that there is no pair of equivalent codes among P 36,i (i = 1, 2, 3, 4) and B 36,i (i = 1, 2, 3) . A formally self-dual even [70, 35, 14] code C 70 can be found in [11] . The code C 70 is equivalent to some bordered double circulant codes, and C 70 and B 70 have identical weight enumerators [11] . Hence, B 70 must be equivalent to C 70 .
Self-dual codes of length 54
In this section, we consider the remaining case. Table 2 gives rise to a natural question, namely, is there a self-dual [54, 27, 10] code such that A 10 < 27? A self-dual [54, 27, 10] code C and its shadow S (see [5] for the definition of shadows), have the following possible weight enumerators W i (C) and W i (S), respectively (i = 1, 2): W 1 (C) = 1 + (351 − 8β)y 10 + (5031 + 24β)y 12 + · · · , W 1 (S) = βy 7 + (2808 − 10β)y 11 + · · · , W 2 (C) = 1 + (351 − 8β)y 10 + (5543 + 24β)y 12 + · · · , W 2 (S) = y 3 + (−12 + β)y 7 + (2874 − 10β)y 11 + · · · , where β is an integer with 0 ≤ β ≤ 43 for i = 1 and 12 ≤ β ≤ 43 for i = 2 [5] . Self-dual codes exist with W 1 (C) for β = 0, 1, . . . , 20, 22, 26 and self-dual codes exist with W 2 (C) for β = 12, 13, . . . , 22, 24, 26, 27 (see [3] , [5] , [19] , [25] , [27] ). Note that the smallest number A 10 among currently known self-dual codes of length 54 and minimum weight 10 is 135. Proposition 4. If there is a self-dual [54, 27, 10] code C such that A 10 < 27, then C has weight enumerator W 1 (C) with 41 ≤ β ≤ 43.
Proof. Let C be a self-dual [54, 27, 10] code such that A 10 < 27. Suppose that C has weight enumerator W 2 (C). From the assumption, β > 12. Thus, there is a vector of weight 7 in the shadow S. Let x 1 and x 2 be vectors of weights 3 and 7 in S, respectively. Since the sum of two distinct vectors of S is a codeword of C, x 1 + x 2 must be a codeword of weight 10. From the coefficient of y 7 in W 2 (S), we have 351 − 8β ≥β − 12 40 ≥β. 6 Performance of extremal self-dual codes of lengths 88 and 112
The performance of extremal doubly even and singly even self-dual codes was compared in [2, Section 4] for lengths 24k + 8 (k = 1, 2, 3, 4) and 24k + 16 (k = 1, 2). In this section, we consider the case for lengths 24k+16 (k = 3, 4). An extremal doubly even self-dual code of length 88 has the following weight enumerator (see [21] ): 1 + 32164y 16 + 6992832y 20 + 535731625y 24 + · · · .
There are at least 470 inequivalent extremal doubly even self-dual codes of length 88 (see [13] ). An extremal singly even self-dual code of length 88 was given in [17] which has the following weight enumerator: 1 + 18436y 16 + 268928y 18 + 3493248y 20 + 267717065y 24 + · · · .
Hence, there is an extremal singly even self-dual code C of length 88 such that C performs better than any extremal doubly even self-dual code of that length.
An extremal doubly even self-dual code of length 112 has the following weight enumerator (see [21] ):
1 + 355740y 20 + 95307030y 24 + 10847290300y 28 + · · · .
An extremal doubly even self-dual code of length 112 was found in [15] . By [5, Theorem 5] , the possible weight enumerators W i (C) and W i (S) of an extremal singly even self-dual code C of length 112 and its shadow S are: where a, b are integers. Currently, it is not known whether there is an extremal singly even self-dual code of length 112.
